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Annorauus. YpasHeHue Kopresera — ne @pusza (Knd) HenuHeliHoe ypaBHEHHUE B
YaCTHBIX NPOU3BOJHBIX TPETHETO MOPSAIKA, HWIPAIOIICE BECbMa BAXKHYIO pPOJb B
TEOpUU HEJIMHEHHBIX BOJMH. OHO ObUIO monydyeHo byccuneckom B 1877 romy, HO
noipoOHbIN aHanu3 Obul mpoBeneH yxe Kopreserom u ne ®puszom B 1895 romy.
[leponavasibho Kn® BO3HUKIO M3 MOTPEOHOCTEW THUAPOAMHAMHUKH, OJIHAKO, CO
BPEMEHEM OHO IIPOHUKJIO HE TOJBKO B PAa3JIMYHBIE pPA3JAEiIbl MaTEMAaTHYECKOU
GU3UKK, HO U B MHOTOYHMCJICHHbIE 00J1aCTH Hay4yHOTO 3HaHud. s ypaBHeHus Knd
HalJeHO OOJBIIOE KOJMYECTBO TOYHBIX PEIICHHH, NPEACTaBIAIOMNUX COOOU
CTAallMOHAPHBIE HEJIMHEWHBbIE BOJHBI. OOHAKO CYIIECTBYIOT M HEOIPAHUYECHHBIC
pEelIeHUs] JTOTO ypaBHEHUsA, (PU3MUYECKHH CMBICI KOTOpPHIX TOKa He siceH. B
HacTosIIeN paboTe Mbl pacCMaTPUBAEM IPOLIECC MEPEPOKACHHS KHOUIATBHBIX BOJIH
B HEOIPaHMYEHHBIC Iepuoauueckue pemeHus ypaBHeHuss Knd. Maremarnuecku
KHOUJIAJIbHBIE BOJIHBI OMKCHIBAIOTCS SJUIMITUYECKUMU UHTETPajJaMy C NapaMeTpaMH,
ONpEENSIOIUMU aMILTUTYIbI U TieproAbsl. OHM MoyvaroTcst Oaarogapsi npoueaype
noucka pemieHuit ypaBHenuss Kn® tuna Oerymieit BonHbl. brnaromapst stomy,
ypaBHeHne Kn® npuBoauTCs CHaudaja K OOBIKHOBEHHOMY YPaBHEHHUIO TPETHETO
mopsiika, a 3aTeM TOPSIOK OOBIKHOBEHHOTO au(hepeHIIMaIbHOTO YpaBHEHUS
MOHMWXACTCS JI0 TMEpBOro. IJTO OOBIKHOBEHHOE YpaBHEHHUE WHTETPUPYETCS B
AIUIUOTUYCCKUX  (QYHKIUSAX W, T[OITOMY KHOWJAQIbHBIE BOJHBI 4Yepe3 JOTH

IUTMNITHYECKUE (DYHKIIMK U BbIpakatoTcs. UHTepecHo, 4To B ciydyae MepepoKICHUS
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KHOWAAJIBHBIX BOJIH B HCOI'PAHUYCHHBIC IICPUOJUICCKNEC PCHICHUWA, ITOCIICIHUC YIKC
BBIPAXKAIOTCS B DJIEMEHTAPHBIX (QYHKIUAX.

KuaroueBble cioBa: YPaBHCHHUC KopTeBera — € Cmea, KHOHWAaJIbHAasA BOJIHA,
HCOIrpaHNYCHHBIC ICPUOANICCKUC PCUHICHUA, SJUIMIITUICCKUC CI)YHKI_[I/II/I

Abstract. The Korteweg — de Vries equation (KdV equation) is a third-order
nonlinear partial differential equation that plays a very important role in the theory of
nonlinear waves. It was obtained by Boussinesq in 1877, but a detailed analysis was
done by Korteweg and de Vries in 1895. Firstly, the KdV equation was initiated by
the needs of hydrodynamics, however, over time, it has penetrated not only into
various branches of mathematical physics, but also in numerous fields of scientific
knowledge. For the KdV equation, a large number of exact solutions, representing
stationary nonlinear waves, are found. However, there are unbounded solutions of
this equation, the physical content of that is not yet clear. In the present paper, we
consider the process of transformation of cnoidal waves in unbounded periodic
solution of the KdV equation. Cnoidal waves are mathematically described by elliptic
integrals with parameters defining the amplitudes and periods. They are obtained by
the procedure for search KdV equation solutions of traveling wave type. Through
this, the KdV equation is reduced firstly to the third order ordinary equation, and then
the order of the ordinary differential equation is reduced up to the first order. This
ordinary equation is integrated in elliptic functions and, therefore, the cnoidal waves
through these elliptic functions are expressed. It is worth to note that in the case of
transformation of cnoidal waves into unbounded periodic solutions, the last are
expressed through elementary functions.

Key words: Korteweg — de Vries, cnoidal wave, unbounded periodic solutions,

elliptic functions.

1. Beenenue
VYpaBHenue B yacTHbIX mNpou3BoAHbIXx KopreBera — ne ®puza (Kad) Obuio
noJydeHo s onucanus BoiadH [1,2]. B maHHOH paboTe  paccCMOTpPEHBI

MNEPUOJUYCCKHUEC PCIICHUA KI[CD — KHOUJAJIBHBIC BOJIHBI BMECTEC C HCOTPAHUYCHHBIMUA
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pPELICHUsIMU B KOTOpPBIE KHOWJAJIbHBIE BOJIHBI BBIPOXKIAOTCA. [ KHOMAAIBHBIX
BOJH XapaKTepHBI OCTpble TPeOHM U TUIOCKWE BHAAWMHBI W HEOTPAHWYCHHBIC
KOMITOHEHTHI TPa(UKOB PEIICHUI BBIPACTAIOT UMEHHO U3 OCTPBIX TPEOHE.
[Tockonbky ypaBHeHue Knd nmmeer TpeTuid MOPSAIOK, IMTOCTAHOBKHU 3aJad IS
HEro HEOOBIYHBI M MOTYT OBITh MHAYUMPOBAHBI 3aJadyaMH JJii OOBIKHOBEHHBIX

muddepeHranbHbIX ypaBHEHUH, K KOTOPHIM OHO MOKET OBITh CBEICHO.

2. OcHOBHBbIe 00bIKHOBeHHbIe AU depeHATbHbIE YPABHEHHSI, K KOTOPbIM

MOkeT ObITh cBelleHO ypaBHeHue KopreBera — ne ®@pu3sa

PaCCManI/IBaeTC}I HEJIUHEHHOE YPaBHCHHC K,Hq) B YACTHBIX IIPOHU3BOJHBIX B

Buze [3, c. 282 —284]
u, —6uu,+u,, =0, (1)
bynewm uckatpb perenust ypaBHenus (1) B BUjie CTaIllMOHAPHBIX OETYIIMX BOJH
u(x,t) =u(é), &=x-ct, ()
CranmoHapHbIMM  Ha3bIBAKOTCS BOJIHBI  PACHPOCTPAHSIOIIMECS C  IOCTOSHHOU

CKOpPOCThIO U HE MeHstomue cBoeit dhopmbl. Utak, B (1) u (2) u(x,t) — obmee
pemienrue Tuna Oerymield BOJHBI, a koHcTaHTa C B (2) — ckopocts BoiHBL T. 0.,
ypaBHeHue (1) cBomutcs K OOBIKHOBEHHOMY AuddepeHnaIbHoMy YpaBHEHUIO

TPCTHCTO MOPAAKA
u"(¢) = 6u(S)u’(c) +cu’(s), (3)

Hanee, ymHoxkaem o0Oe wyactu (3) Ha dé , WHTETPUPYEM U YIPOIIAEM

MOJTYYCHHOE
u"(&) =3u?(E) +cu(é)+ A, AeR. (4)
rac ER — HeﬁCTBHTeHBHaH HpHMaH, a A — ITOCTOSHHAiA HHTeIpHPOBaHHH. YMHO)KI/IB

o0e yactu (4) Ha u'(&)dé , MHTETpUPYS U yOpollas UMEEeM ypaBHEHUE MHEPBOIO

opsIKa

u'(&) = £y2P(u(s)) . (5)

B ypaBuenuu (5)
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P(u)=u3+gu2+Au+B, AcRBeR. (6)
ITycte Uy, U, ,Us — xopar MHOTOWIEHA P(U).T.o.
P(u) = (u—-uy)(u—-u,)(u-u,). (7)
Torna oObIKHOBEHHOE ypaBHeHHE (4) B cuity (6) OyJeT BBIVISIACTh CIIECAYIOIMINM
oOpazom

u"=3u’+cu+A=P'U)=U-u,)u-uy)+Uu-u)u-u)+Uu-u)u-u,)=

=3u” —2(u, +U, + Uz )Uu+U,U, +U,U, +UU, . (8)
CpaBuuBas (4) u (8), Oyaem umeTh

c=-2(u, +uU, +U,), A=uUU, +U,U; +U,U, (9)
CpasuuBas (6) u (7) pu U = 0, sakmouaem, uro

B =-u,u,u;. (10)

3. Tounble pemienusi ypaBHenuss Kn® tuna KkHOMIAJbLHOI BOJIHbI, CPABHEHHE C

HUMM YK cJaeHHbIX pemienuii OY nepBoro, BTOporo u TpeTrbero nopsijikon
3aM€eTHUB, YTO, ITOCKOJIBKY
u=u;,u=u,,u=u, (11)
CTallMoHapHble pemieHus ypaBHeHus (5), To w3 (7) ciaeayer, 4YTO TIpH

U=#U,U#U,,U#U; cipaBeymmBo paBeHCTBO

du

= +/2d¢& 12
\/(u—ul)(u—uz)(u—US) ( )

[Tocne 3ameHa nepeMeHHOU
Uu-u, =n°u=u+n°, (13)

B (12) MBI mOTyyaeM cripaBeJIMBOCTh PABEHCTB
du=2ndn,u—u, =u, —U, +7°,Uu—U; =U, —U, +77°

B pesyibrare (12) Oymer uMeTh BUJ
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de = \/Edn
\/(Uz —u, —7*)(u; —u; —7n?) .

+

(14)

Eme onna 3amMeHa nepeMeHHON

u-—u,

n
— = : 15
U2—U1 u2_u1 ( )

n=4U,—Us,s=

IMPUBOAUT K PaBCHCTBAM

u, -u, _772 = (Uz _ul)(l_sz)’u3 —U _772 =U; —U; _(Uz _u1)52 =

= (U, —u)A-K?S?), k= (R (16)
Us — U,
U3 (14), (15) u (16) MbI NpUXOAUM K YPABHEHHIO
u3—uld§: ds an
2 Ja-s?)1-k?s?)

OGpawasics k (15) 3ameuaem, uro ecan U =U;, 0 S=0, a ecmu U=U,, 10
s=1,
Ecmm Uy, U,,Us  neiictBurensHbl, puc. 1, pasouudsl W CIPaBEIIHBEI

nHepaBenctBa U; < U, <U; 10 B3s%B mHTEerpan ot obeux yvacreii (17), BoIOHpas mpu

stoM C; Tak, uto6e & +C; =0 mpu S =0, umeem

lu, —u, 0 dr
* 2 (§+Cl) '('J‘\/(l_z-z)(l_kzz'z). (18)

BBenem cranmapTHoe 0003HAUYCHHE

dr

F(s,k) =
&K !Ja—fﬂa—k%ﬂ &)

HETOJHOTO 3JUTUIITUYECKOTO MHTerpaia mpaBoil yactu (18) ¢ momynem K. T. o,

F(s,k)— obpatras pyuxuust k SN(F, K) - smmmmnmiaeckoit pynxumn Sko6u [2, c. 44].

Ypaeuenue (18) Torma Oyaer uMeTh BU
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lu, —u u-—u
sn| +.|]=2—2L(£+¢,),k |=s= L
2 u, —u,

Bo03B0/1s1 00€ YaCTH MOCJIEAHETO B KBAAPaT M paspemas otHocuteabHo U, momyunm

lu, —u
u=u, +(u, —ul)sn{i 3 5 L (§+Cl),kJ
NN, 9TO TO XK€ CaMOC€

u(g) =u, +(u, —ul){l—cn{i /u3 ;ul (E+c)), kn -
=u, ~(u, —ul)cn{i,/“?’ = <§+c1),k]. (20)

Puc.1. ['padux muorowrena P(U) mpu U; =0.5, U, =1.5 u; =2.5
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MBI HCIOJIB30BaId  PABEHCTBO sn?(F,k)+cn?(F,k) = 1, rne cn(F,k)-—
aUnTHYecKas QyHkuus Skobu, a k ompeaensercs mpaBou opmynoin (16). U3

(18) onpenermum meproy | GyHKIMH u(¢) no koopauHate $ [2, c. 44]:

1 j dr _ KK
J—u)/25Ja-e)a-k2e?) s -u)/2’

(21)

B (21) K(K) - mommeii smmmnrrueckmii MHTErpail nepsoro poxa. Mrak, B

paccMaTpuBaeMOM CJydae OTPaHMYECHHOE pelieHue ypaBHeHus (1) omuchiBaer
MEPHOANYECKYIO BOJHY, ee nepuof (21) u ammumrymna U —U; . M3-3a toro, uto B

Beipakenue  (20) BxoauT amummnTHYeckas — GyHKnus — Skoowu cn(F,k),
COOTBETCTBYIOIIAsI BOJIHA HA3bIBAETCSI KHOMIAJIbHOM.
Eciu mb1 onoskum U; =L U, =2,U; =3 torma K = 1/\/ 2, ¥ MBI TIOIy4YHUM

ypaBHeHue (5) ¢ yuetom (7)

U =+2u-)u-2)u-3), (22)
Ero pemenue cornacHo BeipaxeHuto (20) OyneT uMeTh BHT

u=2—cn2(i(§+cl),]/\/§). (23)

Koncranty C; ® 0,826018  mnaiinem OpUOTMAKEHHO W3  TPAHCIICHACHTHOTO

ypaBHeHus CN ’ (i Cl,]/ J2 ) =0,5. Jlanee, crpoum rpapux B cucteme «Wolfram

Mathematica» dyukmun U(E) =2 —cn ? (i (¢ +0,826018 ),1/ J2 ), puc.2.

PaccmoTtpum ciywaid, KOorja BEIIECTBEHHbIE KOPHM YJIOBIIETBOPSAIOT YCIOBUSM

U = U, <U;. Beipaxxenue P(u) yepe3 KOPHU OyIeT HUMETh BH]T

P(u) = (u_ul)z(u_u3). (24)
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Puc. 2. Tpadux dysxpn U(E) mpn U, =1, U, =2 U; =3, U 21/\/5

I'paduk P(u) npuseseH Ha puc.3. Ilpn U = U; cymecTByIoT 1Ba CTAaIllMOHAPHBIX
peurenns ypasuenus (5) U=U; u U=U; Yro6mn MTOJIyYUTh HECTalMOHAPHBIC

pemenns paccmorpum U > Us 13 (5) u (24) crenyer, aro

du
= iﬁdﬁ _ 25
(U—u)(u-u,) @9
3aMeHa

¢®=U-U,,du=2dc,u=¢’+u, (26)

MIPUBOJUT ypaBHEHHE (25) K BUILY

2d¢

+2d¢ = . 27
gz +(u; —u,) 27)

[Tocne unrerpuposanus (27), HOJIy4uM
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+c
igﬁl,/uful =arctgL, (28)

Uz —U,

rac C]_ — IHOCTOAHHAsI HHTCTPUPOBAHNA.

Puc.3. [padux muorowrena P(U) mpu U, =U, =1, U;=2.5,

Bo3bMem TanreHnc ot odeux yacrteit (28), Bo3BeeM UX B KBaJIpar, U, o0pamiasch

K (26), TonyunM HeorpaHmdeHHoe pemrenne mpu U > Us

u(&) =u; + (U —uy)tg (é:_i_cl)\/% U>Usg, (29)

Ha puc. 4. nocroen rpaduk (29) mpu U; =U, =1, Uz = 2.5, ¢, =0 Haiinennbie
TOYHBIC PEIICHUS IOJIE3HbI KaK TECTOBBIC BAapHUAHTBI JJIS MPOBEPKH TOUYHOCTH

YHCICHHBIX METOIOB [4].
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Puc.4. T'paux muorownena P(U) mpn Uy =U, =1 U, =2.5,

4. 3akiaoyeHnue

B paboTe ¢ moMompO CTaHAAPTHOTO METOJa MOWCKAa PEIICHWA YpaBHCHHSI
Kn® B Bume Oerymieii BOJHBI IOJYy4YeHO OOBIKHOBEHHOE u(depeHnnaibHoe
ypaBHEHHUE MEPBOTO MOPSIAKA. ITO ypaBHEHUE TPOUHTETPUPOBAHO B JUTHITHICCKUX
(YyHKUMSAX M B HHUX JXK€ MOJYy4YEeHO HCKoMoe pemieHue ypaBHeHuss Kad. Jlanee,
moJ00HO  MCCIEIOBaH  TPOLIEC  MEPEPOXKACHUS  KHOMJAIBHBIX  BOJIH B
HEOTpaHWYCHHBIC TIEPHOAUYECKUe pemieHus. Kak M3BECTHO, KHOWIAIbHBIC BOJIHBI
XapaKTEepU3yIOTCS OCTPHIMU TpeOHSAMU M IUIOCKMMU BraauHamu. B pabGote
MMOKa3aHO, YTO MMEHHO OCTpble TPEOHM KHOWIAIBHBIX BOJH TEPEPOXKIAIOTCS B
HEOTPAHWYEHHBIE  KOMIIOHEGHTHI  T'paUKOB  yKa3aHHBIX  HEOTPAHMYCHHBIX

IIEPUOINYECKUX PELICHUM.
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