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Abstract. Asymptotic formulas for calculating a scatteringld of an arbitrarily
oriented magnetic and electric dipole located ois ak a perfectly conducting disk
were obtained using the method of physical thedrgliffraction and the method of
uniform asymptotic theory of diffraction. Radiatipatterns were calculated using the
asymptotic formulas and a numerical solution ofiryar integral equation. The
obtained results were compared to ones availabléemature. A dependence of the
front-to-back ratio on the disk’s radius was invgested.
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I ntroduction.

Scattering of electromagnetic waves by a perfectywducting disk was
researched in [1-33]. In particular, scatteringagblane electromagnetic wave by a
perfectly conducting disk was considered in [1-1%dattering of field of an electric
and magnetic dipole located on axis of a disk veasarched in [16-32]. A paper [33]
describes a scattering field of an electric digotated arbitrarily relative to a disk. A
special case of a dipole mounted on a surface difla was presented in [16-25].
Asymptotic expressions of a scattering field ofedectric dipole with perpendicular
to disc orientation are available in [19, 25, 28ymptotic formulas of a scattering
field of a magnetic dipole with parallel orientatiare available in [20]. A rigorous
solution is available in a case of a perpendicdictric [16, 17] and parallel

magnetic [17] dipole. This solution is represerdsd series of spheroidal functions.
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The statement of problem.

The first purpose of present paper is obtainingrgutgtic expressions for a
scattering pattern of an electric and magnetictiaily oriented dipole located on an
axis of a perfectly conducting disk. The secondopse of the paper is obtaining a
numerical solution of this problem. The third osetd compare numerical results
obtained using the asymptotic expressions anduheencal solution with numerical
results from the papers [19, 20, 29].

We considered two cases - the dipole oriented lpaeaid normally to the disk

(Fig. 1). It is enough to determine the field o# érbitrarily oriented dipole.

Tt W

X

Fig. 1. The dipoles on axis of the perfectly conductingkdi

The asymptotic expressions for scattering pattemved separately near and
far from the axisZ. We use the uniform asymptotic theory of diffrant[34, 35] to
determine the scattering field far from the axrsj aesults of paper [36] near the axis.
The results of paper [36] were obtained in the maystheory of diffraction
approximation [3].

Fields of the dipolesin free space.

Consider a perpendicular magnetic dipole
2
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im(x ¥ 2)=ma( 3o( yo( 2z, (1)

and a parallel magnetic dipole

in(x .2 =md( 3a( yo( 3x,, (2)

in free space whereg, y, zare Cartesian coordinates;andx, are the unit vectors in

direction of theZ-axis and theX-axis, respectivelyj(x) — is the Dirac delta function;
m,, m, — are moments of the magnetic dipoles.
Azimuthal and meridional components of field of thagnetic dipoles in free

space are
E,(r,6,¢)=0,
_ r.nz —jkl’ 1
E (r,0,9)= smH +— |, 3
q’( ?)=- 4 r [ Jkrj )
=27,
A

in a case of the perpendicular magnetic dipole, and

_.mk . el 1
E. (r,0,¢p)=]—-sin 1+ - ,
o(r.0.0)= ] ar o [ jkr

(4)

k —jkr
E,(r.6,0)= 1&0089 cow—[ i )
r jkr
in a case of the parallel magnetic dipdtere,/ is wavelengthr, 6, ¢ are spherical
coordinates. Bottom indexé&sandg correspond to the meridional and azimuthal field
component, respectively.

Consider a perpendicular electric dipole

ie(x¥.29= pa(§a( yo( 22, (5)
and a parallel electric dipole
ie(x ¥ 2= po(Ro( ya( 3, (6)

Here, p,, px — are moments of the electric dipoles. Componeftsield of the

perpendicular and parallel electric dipole in fspace are respectively
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pkW, el 1 1
E (r,0,0)=|—%*—sin@ 1+ - ,
9( (ﬂ) J ar J

r jkr (kr)® (7)

E,(r.6,¢)=0
and

_ . pkwy e 11
E, (r,0,p)=- S7)
o (r,.6,9)=-j>—=2 o co 00507{ Jkl’ (kr)z}

. pkw el 1 1
E (r.0,¢)=j x> T+ — -
,(r.6.0)= ] Wy SNy {Jrjkr (kr)zl’ (8)

W, =1207.

The asymptotic expressions of field far from the axis.
Let's define the asymptotic expressions for meridio E; (r,6,¢) and
azimuthal E; (r,6,¢) components of field of the electric and magnetjikks. The

dipoles locate on the axis of the disk of radRuzn distancén above the disk (Fig. 1).
These expressions for the angles far fromafais in the uniform asymptotic theory
of diffraction approximation are
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E;(r.0.¢) = Ew(r,é?,qp){e“‘““’s‘gx(g+ 6° - Bj +&6 "khc"sg)((g— 6°- Hﬂ +

6-90

cosg®
+

B (n0.9e" [ F($)+& iF($) |+ & E(10.0) €| H §)+& R §)]+
+{E¢(r,g+es,¢j—Ew(r,H,(a)}e’k““’sg[ (%)+$2jlf(s;,)]+
+§{Ew(r,g—95,¢j ,(r.6 qo)}e "‘““59[ ()+& iF( g,”ﬂ}.

(10)
The meridionalE, (r,8,¢) and azimuthaE,(r,8,9) component in (9), (10)
corresponds to the meridional and azimuthal compoie (3), (4), (7) or (8) of
analyzed dipolejr, j2, ji or j2, respectively. The variablef, =-1 for a
perpendicular magnetic dipole or a parallel eledtipole. The variable, =1 for a

parallel magnetic dipole or a perpendicular eleatiipole. The variable, =-1 for

perpendicular magnetic and electric dipoles, @& 1 for parallel magnetic and

1, z=z0
electric dipoles. In (9), (10)(z) :{O <0 is the Heaviside function. Function
z

- jX2

2

F(x)=-

Is first term of asymptotic representation of #resnel integral

-sign( ¥
x) = —sign( )9\/7 j e‘t d. The arguments of the functionB (x) and
F(x) are

Jz_kLco{ (52) j g = FLCO(S#J o=y &L CE)SWJ

0,(6)+6° 7 ZET_H 059<7_zT
:\/2kLco{2—J, o,(8)=6+=, 0,(8)=
2 2 T T
277"‘5_0 ESQS”

L=+vR*+ 1, 6°= arctar{%j .
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(11)
Formulas (9) and (10) take into account the first the second order of diffraction.
The last term in (9) describes the second ordatifffaction and it is determined

using the uniform geometrical theory of diffraction

The asymptotic expressions of field near the axis.
Let’s define asymptotic expressions near fromzfaxis. These expressions in

the physical theory of diffraction approximationvieahe form

5 (1.6.9) = . i
6.0, 180 EQS(I‘JT—Q,C”), E<¢9Sl‘[

for the meridional component of field, and

E,(r.0.9)e"" +&E, (1.0,9) €~ E(r16.9), xo<Z
E>(r.6.0)= 2,
60, 180 ~E;(r,7-6,9), %T<9SIT
(13)
for the azimuthal component of field. The scattgfield in (12), (13) is determined

as
E; (r.6,9)=0,
R gl (14)

€2 (10.0)= IE, L7 +6° 0|53, (u(0))  (6) - 19(u(0)) i (0) S~

for the perpendicular magnetic dipole,

E;(r.6.0) = —EH(L,I—ZT+ Hs,w)g cosﬁ[J{(u(H))Qg(g)_ jJ'z(U(H))Q;(g)]e o

—Ew(L,g+HS,qa—7—T]Bcos9{Mag(9)—j Mwo(ﬁ)}e - :

2 u(6) u() r

T R s (15)
E;(f,ﬁ,qﬂ):—Ew(L’E+95,§0jz[31'(u(9))w§(9)—jJ'z(u(e))wB(g)] "
‘EQ(L’%”HS‘”*%TE{%Qs(e) 2 zfjéf))ga(e)}e—:w
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for the parallel magnetic dipole,
, < R , . . _
ES(1,0,¢) = - JEQ(L,I—ZT+6? ,;ojzcose[ao(u(e))go(e)- i2(u(6))2; ()]

E;(r.6.¢)=0,

(16)
for the perpendicular electric dipole, and
E;(r.0,0)=-E ( L+ o0 qoj%coy[J;(u(e))Qg(e)— jJ'Z(U(H))QB(B)]e‘err ,
g el it 2
3 (1.0.0) =€, LT+ 0" 0| B 1(u(6) a1 (0)- 1)) (6) £+
e e U

(17)

for the parallel electric dipole.

The meridional componentEg(r,Q,qa) and the azimuthal component
E,(r.6,9) in (12)-(17) correspond to the meridional and agimal component in

(3), (4), (7) or (8) of analyzed dipolg,, jZ, j. or jZ, respectively. In (14)-(17J,(u)

is the Bessel function of orderand argument, and

93(9):‘\(/;0(:21\/2((;5), i (6) =V, (8) £V, (-6), u(8)=kRsirg, J( }= d[J;)E S

v(9) :\/;_;HCO{WH | J{ COE%;QSJTJ o a0
= o 27| 2] |

(18)
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Let’s define the front-to-back ratio
Keg :‘Ej(r ~ 0,8=0,¢)/E;(r > ©,6= 71,(0)‘ for the parallel electric and magnetic
dipoles. We define asymptotic expressions of tbhatfto-back ratio in the physical

theory of diffraction using the asymptotic expressi (12), (15) and (17) near the

axis:

K_. =
FB J

8cos(kh){ejLL R( T+ 'liLj[VeOJ’ sirﬂsvmoﬂ - }1 (19)

for the parallel magnetic dipole, and

-1
. e R 1 1 .
K =18 kh 1 - V, Sind®+V

s = 8] sin( )[ : ( + R (kL)zj( /, SIng* + mo)] + (20)

for the parallel electric dipole, where

_ /11 T B To6° B 2
V, =,—=||co§ ——— +| cCO$—+— + :
27T 2 4 2 4 2 cog®
-1 -1
11 T 6° T G° 2sin@°®
Vmo:,/—— co§ ——— || —| co$—+-— +
27T 2 4 2 4 2 co¢®

The expressions (19), (20) take the next form wienradius of the disk tends to

infinity
] -1
K s = [8cog kh) & /F " [\/ﬂ_l + 2} — P (21)
for the parallel magnetic dipole, and
KFB =00, (22)

for the parallel electric dipole. Expression (2hpws that the front-to-back ratio of
the magnetic dipole oscillate relative a constanémvthe radius of the disk increase.

This constant and amplitude of oscillation doesi€pend on the disk’s radius. This
dependence oK_; can be explained by the fact that an amplitudeiedél fof the

magnetic dipole on an edge of the disk decreasgmpionallyR. At the same time,

8
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amplitude of scattering field by the edge incregseportionallyR. As a result, the

front-to-back ratiascillates relative to a constant value.
Expression (22) shows th#t_, of the electric dipole is infinite wheR — oo.
In this case, amplitude of field of the dipole dretedge of the disk decreases

proportionally R, and Kcg increases in proportion to the disk’s radius.

Numerical research of scattering by a disk.
The scattering by a disc was investigated by sglven singular integral
equation of the first kind

[é(r,w,r',¢)f('¢d8'+ Etpk ( (23)

numerically. HereG is the Green'’s tensod’ is the unknown electric current on the

disk; E_ is electric field of a dipole in free spac®; is surface of the disk. We used
the method of moments and an algorithm describe{B7h to solve the integral
equation (23). The unknown electric currelitshall be decomposed over basis of

triangular elements:

Ny

N;
F(r@)=p2 1.0, (1,9 +0. 2 ) B,( + ,.9). (24)
n=0 n=0

Here, I ,1 ¥ are unknown current's amplitudes;is the radial unit vectop, is the

azimuthal unit vector. Basic functiongth bases ?; and &, have the form

A, (r-r,,9) =0,

_nt 25
Aw(r—rn,go):[l—‘r_l_—an; (n—l)Twsrs(n+])T , (25)
4
for perpendicular magnetic dipole, and
AW (r —rn,ga) = 1—@} sing; (n - :I)Tr Srs (n + ber ,
r " —;T | (26)
B, (r=r,9)= 1‘T—¢}008§0; (n-3T,<r<(n+]T,
L @

9
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parallel electric and magnetic dipoles were consde The method of moments
reduces the problem of scattering to a systemrmefl algebraic equations. A matrix

of the unknown current’s amplitudes can be deteethsolving this system:

~ A\l A

| = (—A) 0. 27)
Elements of matrix of own and mutual impedanéesare calculated by numerical

integration of the Green's tensor componé%ﬁ!é”)’r(‘”) and the basic functions:

A:](,?'r(@ :J‘Ar((p) (I’ —rm,qa)J.GAr(@'r“”)(r,§0,r',€d)Ar(¢) (r —r ,qd)dS 'dS. (28)
S S

)

A representation of component&'?'¥ in spectral form was used during

calculations of the own and "nearest" mutual impeeda in the matriXA . The basic
function was decomposed into a two-dimensional ieountegral over flat sheets of
electric current. Integral over the surfa8ein (28) was determined by integrating

fields of the flat sheets with componer® @'? A representationG' @' in
source-wise form for a ring of radial and azimutlwlrrent in the spherical

coordinates was used for purpose of reducing coaipat time in calculating the

"distant” mutual impedances in the matr’k. Elements of a matrixJ which
describes an interaction of field of a dipole ahd turrent of the disk have the

following form:
u® :jAr(w) (r-r..@)E, (r,@)dS. (29)
S

The scattering field is determined by summing tke&lfof dipole (3), (4), (7) or (8),
and the field of the electric current of the didlhe field of the disk’s electrical
current is determined by numerical integration @ds of radial and azimuthal
electrical current’s rings. The integration wasfpened over radius of the rings with

amplitude distribution (24).

The numerical results.

A pattern of the perpendicular magnetic dipole fedaon distancé=0,41

10
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above the disk of radiulR=24 andR=0.51 is shown in Fig. 2 and 3, respectively. Red
curve plots were obtained using numerical solutérthe integral equation. Blue
curve plots were obtained using asymptotic equatiohthe field near th&-axis
(13), (14). Green curve plots were obtained ussygrptotic equation of the field far
from theZ-axis (10).

Figures 4-7 show patterns of the parallel magrdpole which mounts on the
surface of the disk of radil&=241 andR=0.5.. Curves in Fig. 4, 6 show patternstin

plane Eez(r,é’,qa:gj. Curves in Fig. 5, 7 show patterns if/-plane

E>(r.6,¢=0). Red curve plots were obtained using numericalitsmi of the

integral equation. Blue curve plots were obtainemhg asymptotic equations of the
field near theZ-axis (12), (15) in Fig. 4, 6, and (13), (15) irgFb, 7. Green curve
plots were obtained using asymptotic equation effibld far from theZ-axis (9) in
Fig. 4, 6, and (10) in Fig. 5, 7. Violet and cyamrwes plot were obtained using
asymptotic equations [20] of the field far and nieam theZ-axis, respectively.

Gain [dB]

\.-1:-':\ . <y Jjﬂ
-30 N \5/

0 45 90 135 180
Angle [deg]

Fig. 2. Gain of the perpendicular magnetic dipole aboeedisk of radiusk=21

11
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Gain [dB]

-0, 45 90 135 180
Angle [deg]

Fig. 3. Gain of the perpendicular magnetic dipole aboeedisk of radiu$=0.51

0 Gain [dB]

-10 |; by
20| it

b

iy
'300 45 90 135 180

Angle [deg]

Fig. 4. Gain of the parallel magnetic dipole which moumtshe surface of the disk
of radiusR=21 in E-plane

12
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Gain [dB]

U L/,;"‘“""" l‘:‘__,‘-.“' ‘:;

A —

180
Angle [deg]

0 45 90

Fig. 5. Gain of the parallel magnetic dipole which moumtshe surface of the disk

of radiusR=21 in H-plane

o Cain 1]

0 45 90 135 180
Angle [deg]

Fig. 6. Gain of the parallel magnetic dipole which moumtshe surface of the disk

of radiusR=0.51 in E-plane

13
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0 Gain [dB]

'300 45 90 135 180
Angle [deg]

Fig. 7. Gain of the parallel magnetic dipole which moumtshe surface of the disk
of radiusR=0.51 in H-plane

Patterns for a case of the perpendicular electpolel which mounts on the
surface of the disk of radil&=241 andR=0.5/ are shown in Fig. 8 and 9, respectively.
Blue curve plots were obtained using asymptotiaéquos of the field near thé&axis

(12), (16). Green curve plots were obtained ussygrptotic equation of the field far

from the Z-axis (9). Violet and cyan curves plot were obtdinesing asymptotic

equations [19] of the field far and near from Haxis, respectively.
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Fig. 8. Gain of the perpendicular electric dipole whichumts on the surface of the
disk of radiusR=21

Gain [dB]
10| ¢ ‘-,_ Y
: ‘-i! '."1
20 ¢ A
0 45 90 135 180

Angle [deg]

Fig. 9. Gain of the perpendicular electric dipole whichumts on the surface of the
disk of radiusR=0.51

Figures 10-13 show patterns for the case of thallpdelectric dipole located
on distancéh=0,41 above the disk of radius=24 andR=0.5l. Curves in Fig. 10, 12
show patterns irE-plane EZ(r,8,¢ =0). Curves in Fig. 11, 13 show patternsh

plane Ej[r,e,gp:gj. Red curve plots were obtained using numericaltem of the

integral equation. Blue curve plots were obtainemhg asymptotic equations of the
field near theZ-axis (12), (17) in Fig. 10, 12, and (13), (17)Rig. 11, 13. Green
curve plots were obtained using asymptotic equatiothe field far from theZ-axis

(9) in Fig. 10, 12, and (10) in Fig. 11, 13.

15
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Gain [dB]
0 — ﬂ_'__r..-‘.r‘l-"-—"-"f.n_,.._*:‘-
\"‘"...\
-10 N\
-20 \ :
":I o ';' L f"
1 # = i r
30 ‘: ’\/\\ i
|
-40 8!
0 45 90 135 180

Angle [deg]

Fig. 10. Gain of the parallel electric dipole above th&daitradiusR=21 in E-plane

Gain [dB]

10

0 45 90 135 180
Angle [deg]

Fig. 11. Gain of the parallel electric dipole above thékdaitradiusR=21 in H-plane

16
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Gain [dB]

135

180

fl’
-30 1 /
]
-40 \
0 45 90
Angle [deg]

Fig. 12. Gain of the parallel electric dipole above the di§kadiusR=0.51 in E-plane
Gain [dB]

._.J;.__‘_b

45 90

135 180
Angle [deg]
Fig. 13. Gain of the parallel electric dipole above th&kditradiusR=0.51 in H-

plane

Plots 14, 15 show dependence of the front-to-bationr of the parallel
magnetic and electric dipoles on radius of the.di$le magnetic and electric dipoles
locate on distanceb=0,51 and h=0,751 above the disk, respectively. The disk’s

radius is presented in proportions of wavelengid Burves in Fig. 14 and 15 were
17



JOURNAL OF RADIO ELECRONICS N12, 2013

obtained using asymptotic equations (19) and (28pectively. Blue curve in Fig. 14
plots was obtained using asymptotic equation (&t¢en points in Fig. 14 and 15t

were obtained using numerical solution of the iraeégquation.

Front-to-back ratio[dB]

1A 2A 3A 4A
Radius of disk

Fig. 14. The front-to-back ratio of the parallel magnetioade above the disk

Front-to-back ratio
12 [dB]

3 /
0 1A 2A 3A 4A

Radius of disk
Fig. 15. The front-to-back ratio of the parallel electripale above the disk

18
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Let’s discuss the calculation results in a casenwhedius of the disk isi2 The
asymptotic expressions of field near the axis diesaradiation pattern with relative
accuracy less than 1 dB for sector of angles #<45 and 160 <6<180. The
asymptotic expressions of field far from the axesctibe radiation pattern with
relative accuracy less than 1 dB for sector of e gl < #<165, except the case of
the parallel magnetic dipole H-plane for angles10 <8<160. Curves of radiation
pattern obtained using the asymptotic expressieas and far from the axis coincide
for sectors of angleg0 <8<45 and 160 <8<165. Sector of coinciding increases
when the disk radius increases. The relative acguia obtained asymptotic
expressions decreases to 4 dB for anghes< <160 in a case of the disk’s radius
is 0.5L.

The relative accuracy of obtained asymptotic expoes of field near the axis
Is better than relative accuracy of the asymptexpressions [20]. Analysis shows
that asymptotic formulas obtained in [29] for rdadia pattern of perpendicular
electric dipole located on the disk are incorrect.

The asymptotic expressions of the front-to-backoraf the parallel electric
and magnetic dipoles allow determining this ratithvaccuracy less than 0.3 dB for

any radius of the disk.

Conclusions.

Asymptotic expressions for calculating a scatterfredd of an arbitrarily
oriented magnetic and electric dipole located ois ak a perfectly conducting disk
were obtained. The asymptotic formulas make passdbtalculate scattering field in
full space. A relative accuracy of the asymptobenfulas is less than 1 dB when
radius of the disk more theni.2The asymptotic expressions for the front-to-back

ratio have the accuracy less than 0.3 dB for adisaof the disk.
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